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Abstract 

We introduce the set of bicomplex numbers T which is a commu- 
tative ring with zero divisors defined by T = {wq + wiii + ^212 + 
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i2ii- We present the conjugates and the moduh associated with the 
bicomplex numbers. Then we study the bicomplex Schrodinger equa- 
tion and found the continuity equations. The discrete symmetries of 
the system of equations describing the bicomplex Schrodinger equation 
are obtained. Finally, we study the bicomplex Born formulas under the 
discrete symetries. We obtain the standard Born's formula for the class 
of bicomplex wave functions having a null hyperbolic angle. 
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1 Introduction 



In this paper we investigate the bicomplex Schrodinger equation where bi- 
complex numbers T (also called "tetranumbers" in the literature) are defined 
as the set T := {ifoio + wiii + W2I2 +^^3j| ^^o ) 1^1 ; , li's £ 1^} with 
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We call ii and '12 the imaginary units and we attribute to j the name of 
hyperbolic (imaginary) unit. The set of bicomplex numbers is a commutative 
ring with unit and zero divisors. Hence, contrary to quaternions, bicomplex 
numbers are commutative with some non-invertible elements situated on the 
"null cone". 

The extension of quantum mechanics beyond the field of complex num- 
bers have been studied by different authors [H EJ [3l HI E] . We know from 
Frobenius that, in the case of algebra without zero divisor, the investigation 
must be limited to three fields: real numbers M, complex numbers C and 
quaternions H. However, recently, some interest have been deployed to study 
quantum mechanics beyond the paradigm of algebra without zero divisors 
[21 HIE], principally over hyperbolic numbers B (also called duplex numbers 
in the literature). In [4| the author has shown that quantum mechanics 
over the hyperbolic numbers, called here "hyperbolic quantum mechanics", 
behaves well 1) in the probabilistic interpretation via the Horn's formula, 
2) for the continuity equation dtP -|- V • J = ( where P and J are respec- 
tively the scalar- valued "density" and vector- valued "current") and 3) for 
the free- particle. However, the main difference between standard quantum 
mechanics and hyperbolic quantum mechanics comes from the fact that they 
have different topology on the unit circle. Indeed, the symmetry groups of 
the unit circle for complex numbers and hyperbolic numbers are respectively 
S0{2) ~ S"^ C C and S0^{1, 1) ~ M C B. The consequence of this difference 
in the topology of the unit circle is that the superposition of states "doesn't 
hold" in the case of hyperbolic quantum mechanics. For instance, it is well 
known that in the classical Young's two-slit experiment, the intensity has a 
sinusoidal pattern. However, in the case of hyperbolic quantum mechanics, 
intensity is proportional to the hyperbolic cosines [1]. Therefore, the fringe 
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pattern cannot be explained by the hyperbolic quantum mechanics. Never- 
theless, in [2], it is mentioned that hyperbolic quantum mechanics can be 
interesting as a new theory of probability waves that can be developed in 
parallel with standard quantum mechanics [7j. 

The bicomplex numbers are at the same time a generalization of complex 
numbers C and of hyperbolic numbers B. Hence, the "bicomplex quantum 
mechanics" is some generalization of the standard quantum mechanics and 
of the hyperbolic quantum mechanics. 

In this paper, we investigate the properties of the bicomplex Schrodinger 
equation. In section 2, we introduce the bicomplex numbers and present the 
conjugations and the bicomplex moduli of these numbers. Then, in section 3, 
we recall some well known results on the standard Schrodinger equation. In 
section 4 we derive the continuity equations, find the discrete symmetries 
and introduce the idempotent basis for the bicomplex Schrodinger equa- 
tion. Finally, in section 5, we introduce the three real moduli for bicomplex 
numbers and give bicomplex Born formulas. A conclusion is made. 

2 Bicomplex numbers 

The bicomplex numbers are defined as [H [U [10] 

T := {wo + wih + W2i2 + wsil wo,wi,W2,W3 £ M}, (2.1) 

with the product of imaginary units given in (jl.ip i.e., Iq := 1 acts as identity, 
ii = ii = -1' = 1 and 

iii2 = 1211 = j, 
iij = jii = -12, (2.2) 
i2j = ji2 = -ii- 

Hence, the bicomplex numbers are commutative. We define the following 
two subsets C(ik) C T for = 1, 2, by C(ik) := {x + yik|ik = ~^ and x,y G 
R}. 

It is also convenient to write the set of bicomplex numbers as 

T = {zi + Z2i2\ zi,Z2eC{h)}. (2.3) 

In particular, if we put zi = x and Z2 = yh with x,y € M, then we obtain 
the subalgebra of hyperbolic numbers: B = {x -|- yj\ = l,x,y £ M}. 
(Hyperbolic coordinates are naturally introduced in special relativity and 
serve as space-time coordinates in the Lorentzian's plane, where the non- 
invertible coordinates correspond to the light cone, and the elements of the 
form e''^-' represent "boosts", pT|.) 
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2.1 Conjugates for bicomplex numbers 



Complex conjugation plays an important role both for algebraic and geo- 
metric properties of C, as well as in the standard quantum mechanics. For 

bicomplex numbers, there are three possible conjugations. Let w £ T and 
zi, Z2 G C(ii) such that w = Z\+Z2i2- Then we define the three conjugations 
as: 

tyti = [zi + Z2h)'^^ ■= Zl + ^212, (2.4a) 

i(;t2 = + Z2h)'^^ ■■= Zl - Z2h, (2.4b) 
w'^^ = [zi + 2:212)^^ := Zl - Z2h, (2-4c) 

where is the standard complex conjugate of complex numbers Zk G C(ii). 
If we say that the bicomplex number w = zi + Z2\2 = wq + wii-i + ^212 + '"'aj 
has the "signature" (+ + ++), then the conjugations of type 1,2 or 3 of 

have, respectively, the signatures (H 1 — ), (+ -\ ) and (H h). 

We can verify easily that each of these conjugates can be expressed in 
terms of the two others, i.e. w'^'-^ = (t(;^i)^2 = (u;t2)ti^ g^c_ More precisely, 
under the composition, the conjugates form the following abelian group: 
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where ;= yj \/yj g TP. 

The three kind of conjugations all have the standard properties of con- 
jugations, i.e. 

(s + t)tfe = s^>'+t^^, (2.6) 
(^^^)^' = (2.7) 
(s.t)t/c = s^>'-t^'^. (2.8) 

for s,t G T and k = 0,1,2,3. The proofs of these properties are rather 
technical and simple. Nevertheless, let us illustrate the proof for the last 
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property in the case of the conjugation of the first kind. Let s = zi + 2:212 
and t = Z3 + Zi\2 with zi, Z2-, z^, Z4, G C(ii), then 

(s-t)^l = [{ziZ'i- Z2Za) + {ziZA + Z2Z'i)\2]'^^ 

= {Z1Z3 - Z2Z4) + {ziZi + Z2Z3)i2 
= - Z2Z4) + {ZTZ4 + Z^)i2 

= (^1 +^212) • (^3 +^412) 

2.2 The bicomplex moduli 

We know that the product of a standard complex number with his conjugate 
gives the square of the Euchdean metric in M^. The analog of these, for 
bicomplex numbers, are the following. Let zi,Z2 G and w = + 2:212 G 

T, then we have that [lOj: 





:= yj ■ w^'^ = zf + Z2 e C(ii), 


(2.9a) 


< 


:= w; • = - |z2p) + 2Re(ziZ2)i2 e €{12), 


(2.9b) 




■■= w-w^^ = {\zif + |z2p) - 2Im(ziZ2)j G B, 


(2.9c) 



where the subscript of the square modulus refers to the subalgebra C(ii), C(i2) 
or D of T in which w is projected. Note that for zi,Z2 G C(ii) and w = 
zi + 2212 £ TT, we can define the usual norm of w as \w\ = \/\zi\'^ + |z2p = 

It is easy to verify that w ■ - — rj- = 1. Hence, the inverse of w is given by 



w = r^- (2-10) 
l^lii 

From this, we find that the set J\fC of zero divisors of T, called the null-cone, 
is given by {zi + -22121 zf + Z2 =0}, which can be rewritten as 

MC = {z{h±i2)\ zeC{ii)}. (2.11) 
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2.3 Exponential function 

Contrary to quaternions, the exponential function is well defined on bicom- 
plex numbers and posses all the standard properties. Hence, for zi,Z2 G 
C(ii) and w = zi + 2212 G T, we have 

^^zr+z2h =e^ie^2i2 =e^i(cosz2 + i2sinz2), (2.12) 

corresponding to hyper-polar coordinates. It is easy to see that this is a 
generalization of the polar coordinates for the complex and the hyperbolic 
numbers. Indeed, in particular for zi = Inr G R and Z2 = € we obtain 
the standard complex polar coordinates. If zi = Inp G M and Z2 = (pii with 
G M, then the equation (|2.12p becomes 

^zi+z2h = pg<l>j = p [cos(0ii) + 12 sin(0ii)] 

= p [cosh(/) + i2ii sinh0] (2.13) 
= p [cosh (p +j sinh (j)] , 

which corresponds to the hyperbolic polar coordinates used in references 
[2lll[71[9l[IIl[l2]. 

As in the standard case, the bicomplex number e'", is always invertible 
\/w G T. Moreover, we have these useful properties for all the conjugates: 

(e"')tfe = (e"'^'=), A: = 0,1,2,3. (2.14) 



3 The standard Schrodinger's equation 

Before going in the analysis of the bicomplex Schrodinger equation, let 
us first review some well known results of the standard one-dimensional 
Schrodinger's equation: 

ihdtil^ix, t) H dlipix, t) - V{x, t)tp{x, t) = (3.1) 

2m 

where 

: ^ C and y : ^ M. 

First, if we set -0 = e"(^'*)+^(^'*)' with a,/3 : ^ M, then it is well known 
that the Schrodinger's equation can be rewritten in a system of two differ- 
ential equations in terms of the functions a and /?: 

-hdtp + — [dla + {d^af - {d^(3f] - V = 0, (3.2a) 

dta + [dl(3 + 2 d^a d^p] = 0. (3.2b) 
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The probability density P{'ip) to find a particle in the state 'il^{x,t) is then 
given by the Bern's formula: 

= V^V- = e^". (3.3) 

One other very well known result of the standard Schrodinger's equation 
is the conservation of the probability current 

dtiihP) + V-J(V') = 0, (3.4) 

where 

J{^) = A il^dx^ - ^dx'^) (3.5a) 
zmi 

= — e2"9^/3. (3.5b) 
m 

We note that equation (j3.2bl) and the conservation of the current probability 
(|3.4|) coincide. Hence, by decomposing the standard Schrodinger's equation 
into his real and imaginary parts, one obtain two equations: (j3.2ap corre- 
sponding to an extended version of the Jacobi-Hamilton equation and ()3.2bp 
corresponding to the conservation of the probability current. 



4 The bicomplex Schrodinger equation 

Let us now consider an analog of the one-dimensional standard Schrodinger's 
equation over the bicomplex space functions: 

hhdtipix, t) + — dli/jix, t) - V(x, tU(x, t) =0 (4.1) 
2m 

where 

: ^ T and F : ^ M. 

The choice of the imaginary unit ii appearing explicitly in the bicomplex 
Schrodinger equation is not arbitrary. In the case of hyperbolic quantum 
mechanics it have been shown that the choice of the hyperbolic imaginary 
unit j doesn't yield the superposition principle |4]. Hence, in our case, we 
should choose between the imaginary units ii or 12- In principle there is no 
major raison to prefer ii instead of i2, however we will see later that imag- 
inary unit ii is more appropriated for the decomposition of the bicomplex 
Schrodinger equation into what we will call the idempotent basis. 
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We express the wave function ip{x,t) into the hyper-polar coordinates as 

=e^i(^'*)+^2M)i2^ (42) 

where 

zi{x,t) = a{x,t) + (3{x,t)i-i_, (4.3a) 

Z2ix,t) = 'y{x,t) + 6{x,t)ii, (4.3b) 

and a, /?, 7 and 5 are real functions going from — > R. Hence, one can 
decompose the bicomplex Schrodinger equation (j4.ip into a system of four 
differential equations in terms of the four real functions a, /3, 7 and 5: 



-hdtP + ^ [dla + {d^af - {d^l3f - (9,7)' + {djf] - F = 0, (4.4a) 

dta + ^ [81(3 + 2{d^a 8^(3 - ^,7 dj)] = 0, (4.4b) 

-dt5 + ^ [dl^ + 2(a,.a9,7 - 8^(38 J)] = 0, (4.4c) 

9n + ^ [5^<5 + 2(c>,.a 8 J + 8^(3 9,7)] = 0. (4.4d) 

We remark that when 7—^0 and the system of equations (14. 4p goes 

to the system (j3.2p of the standard Schrodinger's equation. 

4.1 The bicomplex continuity equations 

In this section, we derive the continuity equations for the bicomplex Schr 
odinger equation. For that, we rewrite the bicomplex Schrodinger equation 
under the four kind of conjugations: 

ii^StV' + —8lij-Vil> = 0, (4.5a) 
Im 

fe2 

-ii^atV^i + — 8lip^^ - Vip^^ = 0, (4.5b) 
2m 

iifiOtV^^ + — 8lip^^ - Vip^^ = 0, (4.5c) 
2m 

-ii^at^^a + — a^^ts _ y^h = 0. (4.5d) 
2m 
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Let us first consider equations (j4.5ap and ()4.5bp . Multiplying (j4.5ap by i/^^i 
and ()4.5bp by ^^J, and subtracting these two equations, one obtain 



hdtiip^^^) + ^Hj^^dl^p - ^a^v-^i) = 0, (4.6) 

which can be rewritten into the continuity equation 

9i(V'V^i) + V-Ji(V)=0, (4.7) 

where 

^i(^) = iT^{^^'d^,i> - V^a^.V^i), (4.8a) 
zmii 

= Ae2("+7i2)5^(^ + ^i^) . (4.8b) 
m 

These calculations can be done for ah pair of equations in the set of equations 
(j4.5p . However, one can construct a continuity equation only if the sign of 
the imaginary unit ii, in front of each equation, are opposite into the pair of 
equations that we consider. Indeed, it is not possible to obtain a continuity 
equation from the pair of equations (14.5aP and (j4.5cp or (14.5bp and (|4.5dp . 
Therefore, we find three other continuity equations (for a total of four): 

a^(^^t3) + v. J2(V) = 0, (4.9) 



J2W = i^i^^'d^ij - il^d^i:^^), (4.10a) 
zmii 

= -e'("+'j^9,(/3-7j)- (4.10b) 
m 



9^(^t2^ti)+V. J3(V;) =0, (4.11) 



= le2("-^j)9.(/3 + 7j). 
m 



(4.12a) 
(4.12b) 
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9,(V.t2V't3)+V =0, 



(4.13) 



J4(V) 



h 



(4.14a) 



2mii 



h 



e2("-^'^)a,(/5-5i2). 



(4.14b) 



m 



However, on can verify that these four continuity equations are an over 
determined system of equations. Indeed, if we conjugate equation (I4.7p by 
t2, we obtain equation (j4.13p where J4 = (Ji)^2. in the same way, if we 
conjugate equation ()4.9p by fi we obtain equation (14. lip with J3 = (J2)^i- 
Therefore, we have two independent continuity equations. Let us choose Ji 
and J2 as the "basis" for the currents. 

The continuity equations (|4.7p is in fact equivalent to the equations 
(fObl) and (fOdl) . In the same way, the continuity equations ()4.9p is equiv- 
alent to the equations ()4.4bp and (|4.4cp . Therefore, equation (j4.4ap cor- 
responds to an extended version of the Hamilton-Jacobi equation of the 
standard case and the system (|4.4bp , (|4.4cp and (|4.4dp are equivalent to the 
continuity equations ()4.7p and (|4.9p expresed in terms of Ji and J2 only. 

4.2 Discrete symmetries of the bicomplex Schrodinger 
equation 

The system of equations (j4.4p posses a 8-dimensional discrete group, leaving 
the solution set of the system invariant. These discrete symmetry group is 
given by 



Note that functions a{x,t) and P{x,t), of the bicomplex wave function 
^p{x,t), are not transformed under these discrete symmetry group. 




(4.15) 
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Let us mention some remarks about these transformations. First, the 
group of symmetry (|4.15p is an abehan group with = Id for n = 
0,1,..., 7. Second, the set given by {Pq, Pi, P2, P3} is a subgroup of the 
symmetry group and is isomorphic to the group of conjugates (|2.5p for the 
bicomplex numbers. Finahy, we remark that the discrete operators -P4, P^jPq 
and Pj act on an arbitrary bicomplex number w exactly as the discrete op- 
erators Pq,Pi,P2 and P3, respectively, i.e. 

P^+^{w) = Pn{w), for n = 0,1,2,3 Vii; G T. (4.16) 

Hence we have in fact a "fundamental subgroup", for the symmetry group, 

given by {Po, A, A, A}. 

Let us now apply these symmetries on the system of equations equiva- 
lent to ()4.4p . i.e. the system of equations consisting of ()4.4ap and the two 
continuity equations (|4.7p and (|4.9p . We already know that equation (j4.4ap 
is invariant under the symmetries. Let us now look how the continuity equa- 
tions (j4.7p and (j4.9p are transformed under these symmetries. For that, we 
only have to calculate the action of the symmetry operators on ip (since Ji 
and J2 are expressible in term of We find that 

A(V') = i'^^, A(V') = A(V') = i'-, (4.17) 

where the functions ip+ and ip- are functions in the C(ii)-space given by 

ll>± = e^i'f^^ii _ g(a±<5)+(/3=F7)ii ^ (4-18) 

From these calculations, we find that Pi transforms equations (j4.7p and (j4.9p 
into equations (j4.13p and (j4.1ip . respectively. Under the discrete symmetry 
P2, the equations (j4.7p and ()4.9p are both transformed into the continuity 
equation 



where 



dt{^P+iP+) + V-3{^+) = 0, (4.19) 



J(V'+) = ^(V'+5-V'+ - (4.20a) 

= -^e2(°+^)9^(/3-7). (4.20b) 
m 



Finally, under P3, the equations (14. 7p and (14.91) are both transformed into 
the continuity equation 

5t(V'-V^_) + V- J(V^_) = 0, (4.21) 
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Jii'^) = 7r^(V'-5.V'- - i^-d^-) (4.22a) 
2mii 

= -e2(°-^)9^(/3 + 7). (4.22b) 
m 

Hence, under the symmetry operators, we have recover the two continuity 
equations (j4.13p and (|4.1ip . dropped previously since respectively equivalent 
to (|4.7|) and (|4.9|) . Moreover, we have found two new continuity equations 
(|4.19p and (j4.2ip . associated with two real currents J(V'+) and J(V'-)- 

Note that it is possible to express the bicomplex wave function ip in 
terms of and ij)- by using what is called the idempotents basis. Indeed, 
for all bicomplex numbers, one can pass from the real basis {l,ii,i2,j} to 
the complex (in ii) basis {ei,e2}, where ei = ij^, e2 = (in fact 62 can 
be rewritten in term of ei, i.e. 62 = (ei)^i = (ei)^^^ but 62 7^ (ei)^3). The 
elements ei,e2 having the following properties: 

(ei)2 = ei, (e2)2 = 62, eie2 = 0. (4.23) 

Every bicomplex numbers zi + 2212 > zi,Z2 G C(ii), can be expressed in the 
idempotent basis as 

zi + Z2i2 = {zi - 2:211)61 + {zi + Z2ii)e2. (4.24) 

Moreover, the bicomplex exponential can be rewritten as follows 

g^i+^2i2 = e^i-^^iig^ + e^i+^^iig^. (4.25) 

In the same way, we can express the wave function in the idempotent 
basis as 

= -(A+ei +^^-62. (4.26) 

Hence, using the idempotent basis, we can rewrite the bicomplex Schrodinger 
equation (j4.ip in the form 

hhdttp+ + ^5xV'+ - V2P+^ ei + (^hhdt^p- + ^dlip. - v^p.^ e2 = 0, 

which can be decomposed into the following two standard Schrodinger's 
equations (complex in ii): 

hhdt^l;± + ^ dlij± - = 0. (4.27) 
Zm 

Associated with these equations, it is now obvious to see that we have the 
continuity equations (j4.19p and (j4.2ip written, respectively, in terms of the 
real currents J(V'±) given by (I4.20p and (I4.22p . 
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5 The bicomplex Born formula 



In the case of the standard Schrodinger's equation (hnear and homogeneous) 
it is well known that the continuous symmetries of (|3.ip , acting on a solution 
'0 only, are 

— > + ip {(j) an other solution of the Schrodinger's eq.), 

corresponding, respectively, to a dilation of the wave function and the super- 
position principle. In quantum mechanics dilation is used for the normaliza- 
tion of the wave function and the superposition principle is one fundamental 
property. 

In particular, the dilation can be expressed as a rotation of the wave 
function when A = e*^. These particular symmetry plays an important role 
in quantum mechanics since it is invariant under the Born's formula. 

For the bicomplex Schrodinger equation we still have the dilation (with 
A G T) and the superposition principle (where ip and (p are bicomplex func- 
tions) as continuous symmetries, since equation (j4.ip is linear and homo- 
geneous. However, in addition, we have the discrete symmetries given in 
(j4.15p . In this section, we want to study the bicomplex discrete symmetries 
for bicomplex Born formulas. 

5.1 Definitions of the real moduli 

In order to obtain some bicomplex Born formula from our bicomplex wave 
function ip{x,t), let us define the following three real moduli (see [lOj): 

1) For s, i G T, we define the first modulus as I • |i := 1 1 • |i^ |. This modulus 
has the following properties: 

a) I • |i : T ^ M, 

b) |s|i > with |s|i = iff s G AfC, 

c) |s • i|i = • 

From this definition, we can rewrite this real pseudo-modulus in a 
much practical point of view as 

Hi = \4 + zl\^/\ (5.2) 

for w = zi + Z2i2 with zi,Z2 G C(ii). Moreover, it is also useful to 
express | • |i, in terms of our three bicomplex conjugates, i.e. 

\w\i = ww^iw^^w^3. (5.3) 
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2) For s,t E T, we define the second modulus as | ■ I2 := || ■ lial- This 
modulus has the same properties as | • |i. Indeed we can rewrite \w\2 
as 

kl2 = k?+^2^^^ (5.4) 

where w = zi + Z2ii with 2:1,2:2 G C(i2). Hence, the first and the 
second pseudo-modulus are the same. 

3) For s, i G T, we define the third modulus as | • I3 := || • This modulus 
has the following properties: 

a) |-|3:T^M, 

b) |.s|3 > with |.s|3 = iff s = 0, 

c) \s + tls < \s\s + \t\3, 

d) \s-t\3 < \/2|s|3 • |i|3. 
We note that 

(i) = \zi — 2;2ii|ei + \zi + 22ii|e2 G B Viu = 21 + 22i2 G T, 

(ii) k-t|j = k|j|t|j Vs,tGT. 

From this definition, we can rewrite the modulus | • la as 



\w 



3 = VkP + l^2P, (5.5) 



for w = zi + Z2I2 with 2:1, 22 G C(ii). Hence, we see that in fact | • I3 
is simply the Euclidean metric of M^, i.e. 



\w 



3 = hi = ^JRe{\w\l). (5.6) 



5.2 Invariance under the discrete symmetries for the real 
moduli 

Let us first calculate the real moduli for the bicomplex wave function i/;{x,t). 
We obtain the following "bicomplex Born formulas": 



H'l = Hi = e^", (5.7) 
Hi = e^"cosh(2<^)=e^"(l + ^^ + ^^ + •••). (5.8) 
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For l^li, we find the same result as in the standard case (j3.3p and {tpl"^ is 
some kind of hyperbolic perturbation of the standard case when 5{x, t) is 
small. 

Let us now consider the invariance of j-i/'lk = 1) 2, 3) under the discrete 
symmetries. To illustrate that, we first consider the operator Pi. A new 
wave function ij) is obtained by applying the symmetry operator Pi on tj). 
Then by calculating the result on IV'li, we find 

:= lAV'l? = \l {Pi^){Pi0^{Pi0^{Pii^y^ 

= (5-9) 

= |^|2=e2". 

Therefore, IV'li is invariant under Pi. Performing these calculations for all 
the real moduli, under all the discrete symmetries, we obtain 

, - ,9 , ,9 fe^" if A: = 1,2 



and 



^e^"cosh(2(5) if A: = 3 
|P2V;|2 = e^-'lV^I^ =e2("+'5), 



(5.11) 



for k = 1,2,3. 

It is now easy to prove that the bicomplex Born formulas will be pre- 
served under all our discrete symmetries (|4.15|) if and only if the wave func- 
tion ip has the form 

ip{x,t) = e"(^'*)+^(^'*)'i+T(^'*)'^ (5.12) 

i.e. if and only if 6{x, t) = 0. Moreover, we have the following result for | • ||: 

Theorem 1 Let tp be a bicomplex wave function given by %l){x,t) = 
ga(x,t)+/3(a;,t)ii+7{x,t)i2+5(x,t)j ^ (x, f) ei + V- (x, t) ea . Then, 

In particular, if the standard wave functions ^^{x,t) and Tp-{x,t) are nor- 
malized we have that 

lV'(^,i)li = ^^^G[0,l] 
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where Pi and P2 are respectively the density probability of ijj^{x,t) and 
ip-{x,t). 



Proof. The proof of this theorem is obtained using the fohowing analog of 
the Pythagoras Theorem for bicomplex numbers (see [8]): 



\zi + Z2h\ 



V2 



+ 



Z\ + 22 ll 



V2 



Vzi + 2:212 G T, 



(5.14) 



to the bicomplex wave function ilj{x,t). □ 



We are now ready to summarize our results with this following corollary: 

Corollary 1 Let ip be a bicomplex wave function given by ip{x, t) = 
ga(x,t)+/3{^,t)ii+7{^,t)i2 ^ ^^{^x,t)e-i + V^_(x,t)e2. Then, 



W = ml = ml = ml = VHM^^ = = e^", (5.15) 

where gives the standard Bom's formula and is invariant under all the 
discrete symmetries ( [^. j5p of the bicomplex Schrodinger equation. 

The fact that hyperbolic angle of the exponential is zero in ip, i.e. we 
have to consider 6{x,t) = in Corollary 1, do not means that hyperbolic 
part of the wave function do not play any role. Indeed, the wave function 
can be explicitly rewritten as 

= e" (cos (3 cos 7 + ii sin f3 cos 7 + 12 cos /? sin 7 + j sin /? sin 7) . 

Hence, the wave function considered in Corollary 1 is really a bicomplex 
function. 



6 Conclusion 

In this paper we have introduced the bicomplex numbers and some bicom- 
plex conjugates and moduli associated with these numbers. Then we have 
study the bicomplex Schrodinger equation where we have found the bicom- 
plex continuity equations. Moreover we have shown that, under some dis- 
crete symmetries of the system of four equations of the bicomplex Schrodinger 
equation, the bicomplex continuity equations can be transformed into real 
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continuity equations associated with the currents J{ip±). These two real cur- 
rents are in fact associated with the bicomplex Schrodinger equation written 
in terms of the idempotent basis. Finally, we have shown that it is possible 
to obtain some specific generalization of the Born's formula for a class of 
wave functions with a null hyperbolic angle. This class of wave functions 
are completely invariant under all the discrete symmetries founded. 
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